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SURFACES ON THE SEVERI LINE IN POSITIVE
CHARACTERISTICS
YI GU, XIAOTAO SUN AND MINGSHUO ZHOU
Abstract. Let X be a minimal surface of general type over an
algebraically closed field k of any characteristic. If the Albanese
morphism aX : X → AlbX is generically finite onto its image, we
formulate a constant c(X,L) ≥ 0 for a very ample line bundle L
on AlbX such that c(X,L) = 0 if and only if dimAlbX = 2 and
aX : X → AlbX is a double cover. A refined Severi inequality
K2
X
≥ (4 + min{ c(X,L),
1
3
})χ(OX)
is proved. Then we prove that K2
X
= 4χ(OX) if and only if the
canonical model of X is a flat double cover of an Abelian surface.
Keywords Surface with maximal Albanese dimension; Severi in-
equality.
1. Introduction
Let X be a minimal algebraic surface of general type with maximal
Albanese dimension defined over an algebraically closed field. The
Severi inequality asserts thatK2X ≥ 4χ(OX). In a long time the validity
of this inequality is referred to as the Severi conjecture (cf.[19] and [5]).
In [17], Manetti proved this conjecture under an extra assumption that
KX is ample. Later, Pardini [18] managed to give a complete proof of
Severi conjecture in characteristic zero based on her elegant covering
trick. After that, Yuan and Zhang [24] generalized Pardini’s result to
fields of all characteristics.
Theorem 1.1 (Severi inequality, Pardini 05’ & Yuan-Zhang 14’). Let
X be a minimal surface of general type with maximal Albanese dimen-
sion, then K2X ≥ 4χ(OX).
It then arises a natural question: when does the equality hold?
Definition 1.2. The surface X with maximal Albanese dimension is
called on the Severi line, if the equality K2X = 4χ(OX) holds.
Conjecture 1.3 ([16, Section 5.2] & [17, Section 0]). A minimal sur-
face X of general type with maximal Albanese dimension is on the
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Severi line if and only if its canonical model Xcan is a flat double cover
of an Abelian surface.
This conjecture was confirmed by Barja-Pardini-Stoppino [4] and
Lu-Zuo [14] in characteristic zero independently.
Theorem 1.4 (Barja-Pardini-Stoppino 16’, Lu-Zuo 17’). Let X be a
minimal surface of general type with maximal Albanese dimension over
an algebraically closed field of characteristic zero, then X is on the
Severi line if and only if the canonical model Xcan is a flat double cover
of an Abelian surface.
The main result of this paper is a generalization of above theorem
to fields of all characteristics:
Theorem 1.5 (Corollary 5.15 and Corollary 6.3). Let X be a minimal
surface of general type with maximal Albanese dimension over an arbi-
trary algebraically closed field, then X is on the Severi line if and only
if the canonical model Xcan is a flat double cover of an Abelian surface.
Our method is also to use Pardini’s covering trick and slope inequal-
ity (the same as [18] and [14]), but with a lot of refinements to overcome
the characteristic p > 0 obstructions, especially when p = 2. In char-
acteristic 2, firstly for the presence of purely inseparable double cover,
the slope inequality in [14] can fail to lead to a double cover X 99K Y
factoring the Albanese morphism of X (a crucial step of the method
in [14]). Secondly, the double cover theory is much different in this
case, and therefore the reduction process of [14] does not work well (cf.
Remark 6.4 for an explanation).
Our strategy here is to formulate and to prove a refined Severi in-
equality
K2X ≥ (4 + min{ c(X,L),
1
3
})χ(OX)
where c(X,L) ≥ 0 is a constant number defined as following: There
are at most finite number of rational double covers πi (i = 1, ..., s)
X
πi
//❴❴❴❴❴❴❴❴❴
aX ""❊
❊❊
❊❊
❊❊
❊❊
Yi
hi||③③
③③
③③
③③
AlbX
here Yi is taking to be a minimal model. For a very ample line bundle
L on AlbX , let ci(X,L) :=
KYi ·h
∗
iL
KX ·a∗XL
for all i = 1, ..., s. If p = 2 and aX is
separable, let c0(X,L) :=
(2KX−RX)·LX
2KX ·LX
where RX := c1(det(ΩX/AlbX )).
Then the constant c(X,L) is defined to be
c(X,L) = min{ ci(X,L) | 0 ≤ i ≤ s }.
It is easy to see that c(X,L) = 0 if and only if dimAlbX = 2 and the
Albanese morphism aX : X → AlbX is a double cover. Thus, when
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K2X = 4χ(OX), our inequality implies that X is a double cover of an
Abelian surface. After this result, in Section 6, by a detailed study of
flat double covers in all characteristics, we prove that K2X = 4χ(OX)
holds if and only the canonical model Xcan is a flat double cover of an
Abelian surface.
To prove our refined Severi inequality, by Pardini’s covering trick,
we formulate the following commutative diagram:
Xn
an

νn
// X
aX

AlbX
µn
// AlbX
X˜n
π
//
ϕn
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
Xn
an
//
!!❉
❉
❉
❉
❉
AlbX
ιn

✤
✤
✤
P1
k
where L is a very ample line bundle on AlbX , ιn is defined by the
linear pencil of dimension one in |L| generated by a general member
(Bn, B
′
n) ∈ |L|× |L| and π is the minimal elimination of the indetermi-
nacy. One obtains a series of fibrations ϕn : X˜n → P
1
k
of genus gn with
slopes
λϕn =
K2ϕn
χϕn
=
2K2X + 6n
−2KX · LX + 8n
−4L2X
2χ(OX) + n−2KX · LX + n−4L2X
→
K2X
χ(OX)
(as n→∞) where LX = a
∗
XL. Then, by Xiao’s slope inequality
λϕn ≥ 4−
4
gn
,
Pardini was able to prove Severi inequality K2X ≥ 4χ(OX) in [18] since
gn → ∞ when n → ∞. This part will be generalized to characteris-
tic p > 0 in our Section 4 (ϕn can inevitably have singular generic
geometric fibre since the Bertini theorem is not as strong as over C).
To prove our refined Severi inequality, we choose (Bn, B
′
n) ∈ |L|×|L|
such that ϕn : X˜n → P
1
k
are non-hyperelliptic fiberations of genus gn,
the Harder-Narasimhan filtration
0 = E0 ⊂ E1 ⊂ · · · ⊂ Em = (ϕn)∗ωX˜n/P1k
defines a series of rational maps φn,i
X˜n
φn,i
//❴❴❴❴❴❴❴
ϕn

❄❄
❄❄
❄❄
❄❄
Zn,i ⊆ P(Ei)
yytt
tt
tt
tt
tt
t
P1
k
by the canonical morphism ϕ∗nEi →֒ ϕ
∗
n(ϕn)∗ωX˜n/P1k
→ ωX˜n/P1k
. If
deg(φn,i) 6= 2 for all i, the slope inequality of [14] (see Theorem 3.1
(1) for characteristic p > 0 version) shows
λϕn ≥
9
2
gn − 1
gn + 2
.
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Thus, when K2X = 4χ(OX), the authors of [14] are able to obtains
double covers φn : X˜n 99K Zn,i for some i. The key of [14] is to
show that these double covers led to a double cover X 99K Y factoring
aX : X → AlbX and then run by inductions. This argument seems not
work in characteristic 2.
Our strategy is to use another kind of slope inequality (see (2) of
Theorem 3.1). Let bn,i be the genus of generic fiber of Zn,i → P
1
k
, and
cn := min{
bn,i
gn,i
| deg(φn,i) = 2 }, we show in Section 3 the following
slope inequality
λϕn ≥ (4 + min{
1
3
, cn})
gn − 1
gn + 2
. (1)
The key technical part of Section 5 is devoted to show
lim
n→∞
cn ≥ c(X,L)
for suitable choice of ϕn (see Proposition 5.13), which implies
lim
n→∞
λϕn ≥ 4 + min{
1
3
, c(X,L)}
and thus the refined Severi inequality.
In Section 6, a study of flat double cover over Abelian surface is
carried out to obtain Theorem 1.5. Finally, in Section 7, we give two
examples of surfaces on the Severi line in characteristic 2–one with an
inseparable Albanese morphism and one with a separable one.
To make the paper more self-contained, some preliminaries are given
in Section 2, we suggest the readers first skip this section and then
return when it is referred to.
Conventions: We make the following conventions in this paper:
(1) k is an algebraically closed field of characteristic p > 0;
(2) a surface fibration is a flat morphism f from a smooth projective
surface S to a smooth curve C such that f∗OS = OC . For such
a fibration, we write Kf := KS − f
∗KC and χf := deg(f∗ωS/C).
(3) for a rational map f : S 99K T of k-varieties, a dominate ra-
tional map g : S 99K T ′ is called to be relative to f or to T if
there is another rational map h : T ′ 99K T such that f = h ◦ g.
Note this h is unique if exists.
2. Preliminaries
2.1. A Bertini type Theorem. LetX be a smooth projective variety
over k. Let ϕ : X → Pr
k
be a non-degenerated morphism.
Theorem 2.1. Suppose ϕ does not factor through the relative Frobenius
morphism FX/k : X → X
(−1) := X ×k,Fk k and dimϕ(X) ≥ 2, then
ϕ∗(H) is a reduced and irreducible divisor for a general hyperplane H
in Pr
k
.
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Proof. Let Z := {(x,H) ∈ X × (Pr
k
)∗|ϕ(x) ∈ H} be the incidence
variety. Its first projection p1 : Z → X is a P
r−1 bundle (hence Z
is smooth) and the second projection p2 : Z → (P
r
k
)∗ is flat. The
fibre p−12 (H) for H ∈ (P
r
k
)∗ is by construction ϕ−1(H) ⊆ X . By [12,
Thm. I.6.10(1)], ϕ−1(H) is irreducible since dimϕ(X) ≥ 2 for a general
H . It then remains to show the irreducible curve ϕ−1(H) is smooth
at some point. Note that a point x ∈ ϕ−1(H) is smooth if and only
if (x,H) ∈ Z is smooth for p2. Since the smooth locus of p2 on Z is
either empty or dominates (Pr
k
)∗, it suffices to prove p2 is smooth at
some point.
Now we prove the general smoothness for p2. Choose the standard
affine subset Ar
k
( Pr
k
and take X0 := ϕ
−1(Ar
k
). The morphism ϕ :
X0 → A
r
k
is then given by r regular functions f1, ..., fr as
x 7→ [1, f1(x), ..., fr(x)] ∈ P
r
k
.
Since ϕ(X) is non-degenerated, fi does not vanish identically on X0,
we may therefore find an open dense subset U ⊆ X0 where f1, ..., fr are
all invertible. Above the open affine subset
(Ar
k
)∗ = {H1,t1,...,tr : X0 + t1X1 + · · ·+ trXr = 0|t1, ..., tr ∈ k} ( (P
r
k
)∗,
the space Z0 := {(x,H1,t1,...,tr)|x ∈ U, ϕ(x) ∈ H1,t1,...,tr} ⊆ Z is noth-
ing but SpecU [t1, ..., tr]/(t1f1 + · · · trfr + 1). Now let us calculate the
relative Ka¨hler differential sheaf ΩZ/(Pr
k
)∗|Z0 . By construction, we have
ΩZ/(Pr
k
)∗|Z0 is isomorphic to ΩU/k[t1, ..., tr]/(t1df1 + · · · + trdfr). Note
that ΩU/k is a locally free sheaf of rank d = dimX which is one more
than that the relative dimension of p2, thus p2 is not smooth anywhere
on Z0 only if t1df1 + · · · + trdfr vanishes identically on Z0. In other
words, for any closed point x ∈ U , and any t1, ..., tr ∈ k such that
t1f1(x)+ · · · trfr(x) = 1, we have t1df1+ · · ·+ trdfr = 0 ∈ ΩU/k⊗k(x).
Assume this is the case, then for any x ∈ U , considering the point
ξi = (x, (0, · · · , f
−1
i , · · · , 0)) ∈ Z0,
the vanishing of t1df1 + · · ·+ trdfr now gives the vanishing of f
−1
i dfi
at x. By varying x, we have f−1i dfi vanishes identically on U . As a
consequence dfi ≡ 0, i = 1, ..., r on U , the morphism ϕ
∗ΩPr
k
→ ΩX
also vanishes identically on U and hence on X . It then follows that ϕ
factors through the relative Frobenius morphism. A contradiction to
our assumption. 
Remark 2.2. (1). In [12, Thm. I.6.10], the unramification assumption
(i.e., ΩX/Pr
k
= 0) is assumed for reducibility of ϕ∗H.
(2). Suppose ϕ : X → Y ⊆ Pr
k
is a finite purely inseparable mor-
phism of smooth d-folds X, Y , then ϕ∗Hi, i = 1, ..., d can never intersect
transversely for any hyperplanes H1, ..., Hd.
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2.2. Inseparable double cover and foliations. Suppose p = 2 and
Y is a smooth projective surface over k. It is well known that any local
derivatives D1, D2 on Y , [D1, D2] = D1 ·D2−D2 ·D1 and D
2
1 are again
derivatives.
Definition 2.3 ([8, § 1]). A 1-foliation on Y is a saturated subsheaf
F of the tangent sheaf TY/k such that for any local derivatives D1, D2
in F , both [D1, D2] and D
2
1 are also in F .
Theorem 2.4 ([7, Prop. 2.4]). There is a 1−1 correspondence between
the set of 1-foliation F of rank 1 and the set of finite inseparable double
cover π : Y → T where T is normal.
This correspondence is given by
{π : Y → T} 7→ {F = TY/T }and {F ⊆ TY/k} 7→ {π : Y → T = Y/F}.
Now given a 1-foliation F of rank 1, we obtain automatically the fol-
lowing exact sequence:
0→ F → TY/k → IZM→ 0, (2)
where M is an invertible coherent sheaf and Z is a scheme of finite
length. The scheme Z is called the singular scheme of F , it lies exactly
above the singularities of T = Y/F (cf. [7, § 3]). In particular, Z = ∅
if and only if T is smooth. By (2), we have
degZ = c2(TY/k) + c1(F) · (c1(F) +KY )
= c2(Y ) + c1(F) · (c1(F) +KY ).
(3)
Example 2.5. One typical example of a 1-foliation of rank 1 is ob-
tained from a fibration. Let f : Y → C be a surface fibration, then
TY/C is a 1-foliation of rank 1. The finite inseparable double cover
π : Y → T = Y/TY/C it associates is exactly the normalized relative
Frobenius homomorphsim:
Y
π
//
FY/C
&&
f ❄
❄❄
❄❄
❄❄
❄ T
normalisation
//
g

Y ×C,FC C
//

Y
f

C C
FC
// C
Conversely, if π : Y → T is a finite inseparable double cover relative
to f : Y → C with T normal, then π must be the normalized relative
Frobenius as above.
3. Slope inequalities of non-hyperellitic fibrations
Let f : Y → C be a relatively minimal, non-hyperelliptic surface
fibration of fibre genus g ≥ 2. Let
0 = E0 ⊆ E1 ⊆ · · · ⊆ Em = f∗ωY/C
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be the Harder-Narasimhan filtration of f∗ωY/C . Then for each i, there
defines a natural rational map φi : Y 99K PC(Ei) induced by the
generically surjective morphism f ∗Ei →֒ f
∗f∗ωY/C → ωY/C . Whenever
rank(Ei) > 1, Zi := φi(Y ) ⊂ P(Ei) is a surface and φi is a generically
finite morphism. In this case, denote by
• γi := deg(φi) and bi := the fibre arithmetic genus of Zi → C.
Note that φi is factored through by φi+1 birationally, thus γi+1 | γi.
Theorem 3.1. Suppose f : Y → P1
k
is a relatively minimal, non-
hyperelliptic surface fibration of fibre genus g ≥ 2 over k.
(1) (cf. [15, Thm 1.2] for characteristic zero) Assume that Kf is
nef and there is an integer δ such that either γi = 1 or γi > δ
holds for each i, then
K2f ≥ (5−
1
δ
)
g − 1
g + 2
χf .
(2) Assume that Kf is nef and there is a constant 0 < c ≤
1
3
such
that bi ≥ cg whenever γi = 2 then
K2f ≥ (4 + c)
g − 1
g + 2
χf .
To prove this theorem, let us make some preparations first. As we
are working over the base P1
k
, due to Grothendieck, we have
f∗ωY/P1
k
=
m
⊕
i=1
O(µj)
nj , µ1 > µ2 > · · · > µm.
By construction Ei =
i
⊕
j=1
O(µj)
nj gives the Harder-Narasimhan filtra-
tion and ri := rank(Ei) =
i∑
j=1
ni. Also we have
χf =
m∑
j=1
µi · ni =
m∑
j=1
ri(µi − µi+1),
here µm+1 = 0.
We denote by Li := (Im(f
∗Ei →֒ f
∗f∗ωY/P1
k
→ ωY/P1
k
))∨∨ the invert-
ible coherent sheaf and di := Li · F, i = 1, ..., n, here F is a general
closed fibre of f . As Li ⊗ f
∗O(−µi) is generically globally generated
by construction, it is nef. So Xiao’s approach (cf. e.g. [15, Prop. 2.4]
or [21]) now gives
K2f ≥
m∑
i=1
(di + di+1)(µi − µi+1), (4)
K2f ≥ (2g − 2)(µ1 + µm), (5)
K2f ≥ (2g − 2)µ1 (6)
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Here dm+1 := 2g − 2.
Remark 3.2. In positive characteristic, µm = µm−µm+1 may be neg-
ative. So unless we know Kf is nef in a priori, [15, Prop. 2.4] works
only if ik = m. Namely, the last inequality K
2
f ≥ (2g − 2)µ1 can fail if
Kf is not nef.
Next, since f is non-hyperelliptic, the second multiplicative map
̺ : S2f∗ωY/C → f∗ω
⊗2
Y/C
is generically surjective by Max Noether’s theorem.
Lemma 3.3. We have
K2f = deg(f∗ω
⊗2
Y/P1
k
)− χf + l,
where l := dimk(R
1f∗OX)tor. In particular, we have
K2f ≥ degF − χf . (7)
Here F := Im(̺).
Proof. Note that we have R1f∗ω
⊗2
Y/P1
k
= 0, so
χ(OY ) = χ(OP1
k
)− χ(R1f∗OY ) = χf − (g − 1)χ(OP1
k
)− l
χ(ω⊗2
Y/P1
k
) = χ(f∗ω
⊗2
Y/P1
k
) = deg f∗ω
⊗2
Y/P1
k
+ 3(g − 1)χ(OP1
k
).
On the other hand, we have by Riemann-Roch formula
χ(ω⊗2
Y/P1
k
)− χ(OY ) = K
2
f + 4(g − 1)χ(OP1
k
).
We are done by a simple calculation. 
To approach the slope inequality desired, it suffices to work out a
lower bound of degF . Let
0 := F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fm−1 ⊆ Fm := F (8)
be the filtration of F defined as Fi := Im(̺ : S
2(Ei)→ f∗ω
⊗2
Y/P1
k
). Since
Fi/Fi+1 is a quotient sheaf of S
2Ei, its slope is at least 2µi. So we have
deg(F) ≥ 2
m∑
i=1
(rk(Fi)− rk(Fi−1))µi = 2
m∑
i=1
rk(Fi)(µi − µi+1). (9)
Now we shall turn to study the rank of each Fi. The next lemma gives
a lower bound of the rank of Fi. Recall that bi by definition (at the
beginning of this section) is the genus of the image φi(F ) for a general
fibre F .
Lemma 3.4 (Clifford plus theorem, [1, § III.2] or [10, § 1 ]). For each
1 ≤ i ≤ m, we have
rk(Fi) ≥
{
3ri − 3, if ri ≤ bi + 1;
2ri + bi − 1, if ri ≥ bi + 2
In particular, if ξi is a birational morphism, then rk(Fi) ≥ 3ri − 3.
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Proof of Theorem 3.1. We prove here only the second part, the proof
of the first part is similar and one can also refer to [14, § 2,3]. For
the second part of Theorem 3.1, we shall take ℓ′ = min{i|γi = 2} and
ℓ′′ = min{ℓ′ ≤ i < ℓ|ri ≥ bi+2} (when i ranges in [ℓ
′, ℓ−1], bi decreases
and ri increases). Then from (7), (9) and the lemma above, we have
following inequality:
K2f ≥ 2
ℓ′−1∑
i=1
(2ri − 1)(µi − µi+1) + 2
ℓ′′−1∑
i=ℓ′
(3ri − 3)(µi − µi+1)
+ 2
ℓ−1∑
i=ℓ′′
(2ri + bi − 1)(µi − µi+1) + 2
m∑
i=ℓ
(3ri − 3)(µi − µi+1)− χf
≥
ℓ′−1∑
i=1
(3ri − 2)(µi − µi+1) +
ℓ′′−1∑
i=ℓ′
(5ri − 6)(µi − µi+1)
+
ℓ−1∑
i=ℓ′′
((3 + 2c)ri − 2)(µi − µi+1) +
m∑
i=ℓ
(5ri − 6)(µi − µi+1)
(10)
On the other hand, by (4) we have another inequality:
K2f ≥
m∑
i=1
(di + di+1)(µi − µi+1)
≥
ℓ′−1∑
i=1
(5ri − 4)(µi − µi+1) +
ℓ′′−1∑
i=ℓ′
(4ri − 4)(µi − µi+1)
+
ℓ−1∑
i=ℓ′′
((4 + 2c)ri − 2)(µi − µi+1) +
m∑
i=ℓ
(4ri − 2)(µi − µi+1)− 2µm
(11)
Here we note that
• in case r1 = 1, we have (d1 + d2) = d2 ≥ (5r1 − 4) = 1;
• for i < ℓ and ri > 1, we have di = γi · d
′
i where d
′
i = deg φi(F ).
The Castelnuovo’s bound and Clifford’s theorem then gives
that: di ≥


3(ri − 1), i < ℓ
′;
2(2ri − 3), ℓ
′ ≤ i < ℓ′′;
2(ri + bi − 1), ℓ
′′ ≤ i < ℓ;
2(ri − 1), ℓ ≤ i ≤ m− 1.
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Finally, c·(10)+(1− c) · (11) gives:
K2f ≥ (4 + c)
m∑
i=1
ri(µi − µi+1) + (1− 3c)
ℓ′−1∑
i=1
ri(µi − µi+1)
− (4− 2c)
ℓ′−1∑
i=1
(µi − µi+1)− (4 + 2c)
ℓ′′∑
i=ℓ′
(µi − µi+1)
− (1 + c)
ℓ′−1∑
i=ℓ′′
(µi − µi+1)− (2 + 4c)
m−1∑
i=ℓ
(µi − µi+1)− (4 + 2c)µm
≥ (4 + c)χf − (4 + 2c)(µ1 − µm)− (4 + 2c)µm
= (4 + c)χf − (4 + 2c)µ1.
Now the above inequality along with (6) gives K2f ≥ (4+c)
g − 1
g + 1 + c
χf ,
which implies our desired inequality whenever χf is positive or not. 
4. Severi inequality in positive characteristics
In this section, as a preparation for studying surfaces on the Severi
line, we shall recall Pardini’s elegant covering trick of Severi inequal-
ity. From now on until the end of this paper, we let X be a minimal
algebraic surface of general type over k and such that X has maximal
Albanese dimension. Namely, the Albanese morphism aX : X → AlbX
is generically finite onto its image. For our purpose, some of the original
argument of Pardini is changed.
First we take a sufficiently very ample line bundle L on AlbX and
denote by LX := a
∗
XL. For any integer n ≥ 2 satisfying (n, p) = 1, let
µn : AlbX → AlbX be the multiplication by n morphism on AlbX and
Xn be the base change as follows.
Xn
an

νn
// X
aX

AlbX
µn
// AlbX
Then Xn is again a minimal surface of general type with maximal
Albanese dimension and
K2Xn = n
2qK2X , χ(OXn) = n
2qχ(OX).
Here q := dimAlbX . As it is well known on Abelian varieties that
µ∗n(L) ∼num n
2L,
we have LXn := a
∗
n(L) ∼num n
−2ν∗n(LX). Therefore
L2Xn = n
2q−4L2X , KXn · LXn = n
2q−2KX · LX .
Lemma 4.1 (Bertini). Let B be a general member of |L|, then a∗nB is
irreducible and reduced.
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Proof. See Theorem 2.1, and note that an does not factors through the
relative Fronbenius morphism since the Albanese morphism aX : X →
AlbX is not so automatically. 
Corollary 4.2. There is a Zariski open dense subset Un(X) ⊆ |L|×|L|
such that for any (Bn, B
′
n) ∈ Un(X), they satisfies:
(⋆) both divisors Dn := a
∗
nBn, D
′
n := a
∗
nB
′
n are irreducible, reduced
and Dn intersects D
′
n only at their common smooth locus.
Proof. In fact, choose l + 1 different general elements B˜1, ..., B˜l, B˜
′ in
|L|. Since B˜′ is general, D˜′n := a
∗
nB˜
′ will not pass through any point
in the finite set consisting of (a.) the intersection point of D˜i := a
∗
nB˜i
and D˜j and (b.) the singular points of D˜i, i = 1, ..., l.
So unless D˜′ contains at least l singular points, D˜′ intersects with
some D˜i at their common smooth locus. Note that the number of
singular points on D˜′ is bounded by pa(D˜
′) depending only on the
divisor class L not on the choice of B˜′, so taking any l ≥ pa(D˜
′) + 1
at first, we shall take Bn = B˜i for some i and B
′
n = B˜
′ to fulfil all
conditions in (⋆).
Note that the existence of one single pair (Bn, B
′
n) ∈ |L| × |L| satis-
fying (⋆) actually implies that any (Bn, B
′
n) in an open dense Zariski
subset Un(X) ⊆ |L| × |L| fulfils (⋆). 
Up to now, by choosing a general member (Bn, B
′
n) ∈ |L| × |L| such
that (⋆) holds, we construct the commutative diagram of (rational)
morphisms in the following picture.
X˜n
π
//
ϕn
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
Xn
an
//
ϕn
!!❉
❉
❉
❉
❉
AlbX
ιn

✤
✤
✤
P1
k
Here ιn is defined by the linear pencil of dimension one in |L| generated
by Bn and B
′
n, π : X˜n → Xn is the minimal elimination of the base
points of ϕn and by abuse of language, both the rational mapXn 99K P
1
k
and X˜n → P
1
k
are called as ϕn. We write p1, ..., pr the intersections of
Dn and D
′
n. Since pi is smooth on both Dn and D
′
n by construction,
we have the following lemma.
Lemma 4.3. The dual graph of the exceptional divisors for π : X˜n →
Xn above pi is a line (type Ami) as below:
• • · · · •
Ei1 Ei2 · · · Eimi
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Here Ei1 is the exceptional divisor obtained from the first blow-up, Ei2
is the second and so on.
Proposition 4.4. We have
(1) KX˜n = π
∗KXn +
r∑
i=1
(Ei1 + 2Ei2 + · · ·+miEimi).
(2) Eik, k = 1, ...mi−1 are all (−2)-curve and Eimi is a (−1)-curve.
(3) the strict transform D˜n of Dn is a fibre of ϕn. In particular,
the fibration ϕn has connected fibres.
(4) Eimi is a section of ϕn and Eik, k = 1, ..., mi− 1 are all vertical
with respect to ϕn. In particular, ϕn has no multiple fibres.
(5) Kϕn is nef.
Proof. (1), (2) follows from the previous lemma.
(3) We have π∗D = D˜ +
r∑
i=1
(Ei1 + 2Ei2 + · · ·+miEimi) and π
∗D′ =
D˜′ +
r∑
i=1
(Ei1 + 2Ei2 + · · · + miEimi), so the strict transform D˜ is the
fibre.
(4) Note that Eimi · D˜ = 1, so Eimi is a section. On the other hand,
Eik · D˜ = 0, so they are vertical.
(5) Since KX˜n = π
∗KXn +
r∑
i=1
(Ei1 + 2Ei2 + · · ·+miEimi), we have
Kϕn = π
∗KXn +
r∑
i=1
(Ei1 + 2Ei2 + · · ·+miEimi) + 2F
with F being a fibre of ϕn. It suffices to show Kϕn · Eik ≥ 0. In fact,
we have
• Kϕn · Eik = KX˜n · Eik = 0, k = 1, ..., mi − 1;
• Kϕn · Eimi = KX˜n · Eimi + 2Eimi · F = −1 + 2 = 1.

As a consequence, the fibration ϕn has the following invariants:
gn =
KXn ·D +D
2
2
+ 1 =
n2q−2KX · LX + n
2q−4L2X
2
+ 1. (12)
K2ϕn = K
2
Xn −D
2 + 4(KXn ·D +D
2)
= n2qK2X + 3n
2q−4L2X + 4n
2q−2KX · LX .
χϕn = χ(OXn) +
KXn ·D +D
2
2
= n2qχ(OX) +
n2q−2KX · LX + n
2q−4L2X
2
It should be noted here
• ϕn can inevitably have singular generic geometric fibre since the
Bertini theorem is not as strong as in characteristic 0;
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• χ(OX), χ(OXn) (and hence χϕn , n≫ 0) are all positive integers
by [20];
So we obtain a sequence of fibred surfaces ϕn : X˜n → P
1 for any
(n, p) = 1 with slopes
λϕn =
K2ϕn
χϕn
=
2K2X + 6n
−2KX · LX + 8n
−4H2
2χ(OX) + n−2KX ·H + n−4L2X
→
K2X
χ(OX)
. (13)
Note that for the fibrations ϕn : X˜n → P
1, all the quotients Ei/Ei+1
appearing in the Harder-Narasimhan filtration of (ϕn)∗ωX˜n/P1 are also
strongly semistable. Thus Xiao’s approach for slope inequalities works
for char.(k) > 0 without any modification (cf. [21]) and we have
λϕn ≥ 4−
4
gn
,
which and (13) clearly implies K2X ≥ 4χ(OX) by letting n→ +∞.
5. Refined slopes of X
In this section, we shall first define a constant c(X,L) playing the
role of c in Theorem 3.1(2) for ϕn when n ≫ 0. Then, we adjust the
morphisms ϕn carefully to make this constant c(X,L) actually work.
Finally, by applying Theorem 3.1(2), we show that X is on the Severi
line only if it is a double cover of an Abelian surface.
5.1. The constant c(X,L). First note there are only finitely many
rational double covers πi : X 99K Yi relative to aX upto rational equiv-
alence i = 1, ..., s:
X
πi
//❴❴❴❴❴❴❴❴❴
aX ""❊
❊❊
❊❊
❊❊
❊❊
Yi
||③③
③③
③③
③③
AlbX
where Yi is a minimal model. In fact, the separable rational double cov-
ers relative to aX is in 1− 1 correspondence with the set of involutions
of X relative to AlbX , hence must be finite. The inseparable ratio-
nal double cover relative to aX exists only if aX is inseparable itself.
However, when aX is inseparable, the relative tangent sheaf TX/AlbX
is a 1-foliation (cf. Definition 2.3) of rank 1 since the relative Frobe-
nius morphism of X can never factor through the Albanese morphism.
By construction the inseparable double cover X → X/TX/AlbX (cf.
Theorem 2.4) must factor through any other inseparable rational map
X 99K T relative to AlbX . Therefore X → X/TX/AlbX is the unique
inseparable double cover relative to AlbX upto rational equivalence.
For each πi : X 99K Yi, i = 1, ..., s, we denote by
ci(X,L) :=
KYi · LYi
KX · LX
, here LYi := h
∗
iL.
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If p = 2 and aX is separable, there is furthermore a c0(X,L) as follows
c0 :=
(2KX −RX) · LX
2KX · LX
,
where RX := c1(det(ΩX/AlbX )). To avoid inaccuracy, we note that RX
is actually the divisor
∑
j
αjPj where
• Pj run through all prime divisors contained in the support of
ΩX/AlbX .
• let ξj be the generic point of Pj , then αj := legnth(ΩX/AlbX )ξj .
Definition 5.1. We take c(X,L) := min{ci(X,L)} for all possible
ci(X,L) defined as above and define c(X,L) = 1/2 if aX is inseparable
and no πi exists.
Proposition 5.2. The number c(X,L) = 0 if and only if q = 2 (recall
that q is the dimension of AlbX) and aX : X → AlbX is a double cover.
Proof. The ’if’ part is clear.
For ’only if’ part, first note that for i > 0, ci(X,L) = 0 if and only if
KYi ·LYi = 0. As LYi is nef, big and KYi is nef, we only have KYi ≡num 0
by Hodge index theorem. Since Yi has maximal Albanese dimension,
this holds only if Yi is an Abelian surface. Namely we get q = 2 and
aX : X → AlbX is a double cover.
Then for c0(X,L), when it is defined we have an exact sequence:
a∗XΩAlbX/k → ΩX/k → ΩX/AlbX → 0
Denote by B := Im(a∗XΩAlbX/k → ΩX/k), its double dual (B)
∨∨ is an
rank 2 locally free sheaf generically globally generated. In particular,
c1(B) = c1(∧
2(B)∨∨) is effective. By the above exact sequence we have
KX = RX + c1(B) ≥ RX . As a consequence 2KX − RX ≥ KX , and in
particular we have c0(X,L) ≥
1
2
as LX is nef. 
5.2. Refinements of ϕn. Recall that in the construction of ϕn in
the previous section, we actually need to choose a general member
(Bn, B
′
n) ∈ |L|×|L|meeting the condition (⋆) in Corollary 4.2. Namely,
our ϕn is actually defined after choosing a Ξ ∈ Un(X), so we shall write
ϕn,Ξ instead now. We have shown in the same corollary, such a choice
can range in an open dense subset Un(X) ⊂ |L| × |L|.
Lemma 5.3. For any n ≫ 0 and (n, p) = 1, there is a Zariski open
dense subset Vn(X) ⊆ Un(X) such that ϕn,Ξ is non-hyperelliptic for all
Ξ ∈ Vn(X).
Proof. Note that ϕn,Ξ can never be inseparably hyperelliptic (namely,
the canonical double cover is inseparable). Since otherwise the fibres
of ϕn,Ξ are rational, a contradiction to the maximal Albanese dimen-
sion assumption. So whenever ϕn,Ξ is hyperelliptic, it gives an involu-
tion σn,Ξ on Xn relative to ϕn,Ξ as Xn is the minimal model. On the
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other hand, the involution σn,Ξ can clearly not be relative to an by the
maximal Albanese dimension assumption. We are done by the next
lemma. 
Lemma 5.4. Suppose for a dense subset Λn ⊆ Un(X) that each Ξ ∈ Λn
is equipped with an involution σn,Ξ of Xn relative to ϕn,Ξ, then there is
a dense subset Λ′n ⊆ Λn so that σn,Ξ is relative to an for each Ξ ∈ Λ
′
n.
Proof. First, there are only finitely many involutions on Xn. Next note
that for each involution σ, the set {Ξ ∈ Un(X)| σ is relative to ϕn,Ξ} is
a Zariski closed subset. And finally, σ is relative to an if it is relative
to any ϕn,Ξ,Ξ ∈ Un(X). Our lemma follows then. 
Now we choose Ξn ∈ Vn(X) and therefore the associated fibration
ϕn,Ξ : X˜n → P
1
k
is not hyperelliptic. Applying the construction at
the beginning of Section 3 to ϕn,Ξ, by taking the Harder-Narasimhan
filtration of (ϕn,Ξ)∗ωX˜n/P1k
, we obtain a sequence of rational maps as in
Section 3:
φn,Ξ,i : X˜n 99K Zn,Ξ,i ⊆ P(Ei).
With the help of (13) and Theorem 3.1(1) we have:
Corollary 5.5. Suppose K2X <
9
2
χ(OX), then for all n≫ 0, (n, p) = 1
and Ξn ∈ Vn(X), some of the morphisms φn,Ξ,i : X˜n 99K Zn,Ξ,i are
rational double cover.
Fixing n,Ξ, there may be more than one φn,Ξ,i : Xn 99K Zn,Ξ,i of
degree 2, but they are all birationally equivalent. We then take Zn,Ξ
to be the minimal model of all such Zn,Ξ,i and φn,Ξ : X˜n 99K Zn,Ξ
X˜n
ϕn,Ξ
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
φn,Ξ
//❴❴❴❴❴❴ Zn,Ξ
τn,Ξ

✤
✤
✤
Z ′n,Ξ
ϑn,Ξ
oo
τ ′n,Ξ
xx♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
P1
k
Definition 5.6. Taking ϑn,Ξ : Z
′
n,Ξ → Zn,Ξ to be the minimal resolution
of the indeterminancy of τn,Ξ, then we denote by g
′
n,Ξ the fibre genus of
τ ′n,Ξ : Z
′
n,Ξ → P
1
k
.
It is clear that g′n,Ξ is no larger than the fibre arithmetic genus of
Zn,Ξ,i → P
1
k
. In the spirit of Theorem 3.1(2), to prove Theorem 5.14
below in this section, it suffices to show that lim
n→∞
g′n,Ξ
gn
≥ c(X,L) for a
suitable choice of Ξn to defining ϕn,Ξn for each n≫ 0, (n, p) = 1.
Now we start to adjust the choice of Ξn. Take Wn(X) := Vn(X) ∩
s⋂
i=1
Un(Yi) (Yi is defined in the previous subsection and Un(Yi) is defined
similar to Un(X)), it is a Zariski open dense subset of |L| × |L|.
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Lemma 5.7 (Lemma 3.2, [14] ). Assume K2X <
9
2
χ(OX), then for each
n≫ 0, (n, p) = 1, either
i) there is a Ξ ∈ Wn(X) such that φn,Ξ is separable and relative to
an; or
ii) there is an open dense subset Wn(X)
′ ⊂ Wn(X) such that φn,Ξ is
inseparable for any Ξ ∈ Wn(X)
′.
Proof. Following from Lemma 5.4, case (i) happens if there is a dense
subset of Wn(X) such that φn,Ξ is separable for all Ξ in this subset.
Clearly, if this is not the case, we obtain (ii). 
We shall now choose Ξn for each n as follows.
• If (i) in the above lemma happens, we choose any Ξn making
φn,Ξn separable and relative to an.
• If (i) fails and an : X → AlbX is inseparable, we choose any
Ξn ∈ Wn(X)
′ making φn,Ξn inseparable.
• If (i) fails and an : X → AlbX is inseparable, we choose Ξ as in
the following lemma.
Lemma 5.8. Suppose an : X → AlbX is separable and φn,Ξ is insepa-
rable for any Ξ contained in an open dense subset Wn(X)
′ ⊂ Wn(X),
then there is a suitable choice of Ξn such that
dimk(t)(ΩX˜n/P1k,tor
)η ≤ c1(ΩXn/AlbX ) · LXn .
for the associated fibration ϕn,Ξn : X˜n → P
1
k
. Here η := Spec(k(t)) is
the generic point of P1
k
.
This lemma is crucial to Proposition 5.13 below. The inequality in this
lemma is used to control the lower bound of g′n,Ξ. Before, we prove this
lemma, we first introduce some necessary notations. First denote by
X ′n ⊂ Xn the open locus where an is unramified, and P1, ..., Ps all the
prime divisors contained in the complement of X ′n. By Theorem 2.1
and [12, Thm. I.6.10(2)], there is an open subset V ⊂ |L| such that for
any H ∈ V , a∗nH is irreducible, reduced and moreover smooth inside
X ′n. The choice of Ξn = (Bn, B
′
n) is then as below.
(a) First take W ′ ⊆ |L| to be a dense open subset contained in the
projection of Wn(X) ⊆ |L| × |L| onto the first factor.
(b) Then choose any Bn ∈ V ∩ W
′ not coinciding with any Pj. By
construction, there is an open dense subset M ⊂ |L| such that
Bn ×M is contained in Wn(X)
′.
(c) Finally choose B′n as a general member of M .
Proof. Let us first note that dimk(t)(ΩX˜n/P1k,tor
)η is calculated as below.
First pick out all the horizontal (w.r.t. to ϕn,Ξn) divisors contained in
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the support of ΩX˜n/P1k,tor
, say E1, ..., Em. Then
dimk(t)(ΩX˜n/P1k,tor
)η =
m∑
j=1
length(ΩX˜n/P1k,tor
)ηj · [Ej : P
1
k
]
here ηj is the generic point of Ej .
Then we shall figure out by our choice of Bn, E1, ..., Em is nothing
but a subset of the strict transforms of the prime divisors P1, ..., Ps.
In fact, since the exceptional divisors of X˜n → Xn consists of either
sections of ϕn,Ξ or vertical divisors by Proposition 4.4, they are not
contained in the horizontal component of the support of ΩX˜n/P1k,tor
.
Next, by the special choice of Bn, a general member of the linear system
generated by Bn, B
′
n lies in V . In particular, its pull back is smooth
inside X ′n. Namely, for any Ej its intersection with a general fibre of
ϕn,Ξ is contained in the inverse image of the complement of X
′
0. As a
result Ej has to be one of the strict transform of Pj.
Finally, we calculate the length. After fixing Bn, the morphism
Xn
an→ AlbX ⊆ P(H
0(L)) restricting to Xn\Dn := a
∗
nBn is a morphism
to the affine space
Xn\Dn
(f1,...,fl)
−→ Al,
with l = dimH0(L)−1. Then a general choice of a vector (λ1, ..., λl) ∈
Al(k) gives arise to a general choice of B′n whose pull back is the zeroes
of the function
l∑
i=1
λifi. Now denote by ξj the generic point of Pj . The
module ΩXn/k,ξj is a free module of OXn,ξj . By above choice of B
′
n, we
have
ΩX˜n/P1k,ξj
= ΩXn/k,ξj/(
l∑
i=1
λidfi).
In particular, its torsion length is max{s ∈ N|t−sj (
l∑
i=1
λidfi) ∈ ΩXn/k,ξj},
here tj is a local parameter. It then follows from Lemma 5.9, that the
length is not larger than the length of the torsion sheaf
ΩXn/k,ξj/(df1, df2, ..., dfl) = ΩXn/AlbX ,ξj .
In other words, we have
s∑
j=1
length(ΩX˜n/P1k,tor
)ξj [Pj : P
1
k
] ≤
s∑
j=1
length(ΩXn/AlbX )ξj [Pj : P
1
k
]
= c1(ΩXn/AlbX ) · LXn .

Lemma 5.9. Let R be a D.V.R. containing an field k, t be its uni-
formizer parameter. Suppose M is a free R-module of finite rank
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and ui ∈ M, i = 1, ..., n. For each u ∈ M we denote by v(u) :=
max{s|t−su ∈M} ∈ N ∪+∞. Then,
(1) the torsion length of M/(u1, ..., un) is at least min{v(ui)|i =
1, ..., n};
(2) there is a proper linear subspace N of kn such that for all
(λ1, ..., λn) ∈ k
n\N , we have v(
n∑
i=1
λi · ui) = min{v(ui)|i =
1, ..., n}.
Proof. We rearrange ui such that r = v(u1) ≤ v(u2) ≤ · · · ≤ v(un).
(1). By construction, the canonical map R/(tr)
·t−ru1→ M/(u1, ..., un)
is an embedding.
(2). Dividing by tr, we may assume that v(u1) = 0. As a result, we
may find a basis e1 = u1, e2, ..., ek of M . Then each ui =
k∑
j=1
fijej, fij ∈
R, i = 2, ..., n. Considering the map
kn → R/tR : (λ1, ..., λn) 7→ λ1 +
n∑
i=2
λifi1
This map is a non-zero k-linear map. If (λ1, ..., λn) is not in the kernel
of the this map then by construction we have v(
n∑
i=1
λi · ui) = 0. 
From now on, we fix a choice of Ξn following the above rule and we
drop the annoying Ξn in subscript of the notation introduced previously
for simplicity. For example, we write g′n = g
′
n,Ξn defined above.
We take Λ1 := {n|φn is inseparable} and Λ2 := {n|φn is separable}.
Proposition 5.10. If Λ2 contains infinitely many prime numbers, then
φn : Xn 99K Zn descends (with respective to νn : Xn → X) to πi : X 99K
Yi for a fixed i for infinitely many n ∈ Λ2.
In [14], they also provide a similar result [14, Thm. 3.1] by using
Xiao’s linear bound of the automorphism groups of surfaces of general
type by c21 (cf. [23]). Such a linear bound is beyond available in positive
characteristics, and we shall provide here a new argument instead.
To proceed, we need the following set up. Let A be an abelian
variety over k, and µℓ : A → A be the multiplication by ℓ morphism.
Let V →֒ A be a fixed subvariety and Vℓ be the base change of V via
µℓ:
Vl
νℓ //
 _

V  _

A
µℓ
// A
Lemma 5.11. Given any generically finite morphism π : V ′ → V (not
necessarily proper) where V ′ is a variety, assume that for infinitely
SURFACES ON THE SEVERI LINE IN POSITIVE CHARACTERISTICS 19
many primes ℓ the morphism νℓ : Vℓ → V factors through π, then π is
an isomorphism.
Proof. We consider the field extension K(V ) ⊆ K(V ′). By our as-
sumption, we may find some ℓ such that ℓ > [K(V ′) : K(V )] and the
covering νℓ : Vℓ → V is factored through by π as
V ′ℓ
τ
//
ν′ℓ
((
V ′
π
// V.
Therefore K(V ′) is K-linearly embedded into K(V ′ℓ ), here V
′
ℓ is a com-
ponent of Vℓ. By our construction, µℓ (and hence νℓ) is a (Z/ℓZ)
2g
Galois cover, and V ′ℓ is a Γ Galois cover of V for a certain subgroup
Γ ⊆ (Z/ℓZ)2g. Thus we have
[K(V ′) : K(V )] · [K(V ′ℓ ) : K(V
′)] = |Γ| | ℓ2g.
This is only possible that [K(V ′) : K(V )] = 1 since ℓ ≥ [K(V ′) : K(V )]
by assumption.
By above argument, the morphism π is birational. Note that µℓ is
finite and τ is projective. Thus, τ is surjective and quasi-finite which
implies it is also finite. By Chavelley’s theorem, the morphism π is also
finite. On the other hand, it is clear that OV ′ ⊆ O
Γ
V ′ℓ
= OV and we are
done. 
Proof of Proposition 5.10. We write V := aX(X) the schemematic im-
age of X and denote by
M := AutV (X)[2]
the scheme of order 2 automorphisms of aX . SinceX → V is generically
finite, M is also generically finite over V . Let M1,M2, ...,Ms be the
(reduced) components of M dominating V . By our assumption, νℓ :
Vℓ → V factor through Mi (for some fixed i) for infinitely many primes
ℓ ∈ Λ2 represented by σℓ. It then follows from Lemma 5.11 that Mi is
isomorphic to V . Namely there is a non-trivial automorphism σ of X
order 2 relative to AlbX descending infinitely σℓ. We are done. 
Proposition 5.12. If aX : X → AlbX is inseparable, then for any
n ∈ Λ1, the morphism φn descends rationally to the unique inseparable
double cover π : X → X/TX/AlbX .
Proof. Note that when n ∈ Λ1, φn is purely inseparable relative to
the base P1
k
. So φn is obtained by the 1-foliation TXn/P1k (cf. Exam-
ple 2.5). However, we clearly have TXn/AlbX ⊆ TXn/P1k as the morphism
ϕn : Xn → P
1
k
is factored through by an : Xn → AlbX rationally
by construction. In case aX is inseparable, so is an and hence both
1-foliations TXn/AlbX , TXn/P1k are of rank 1. Namely, they coincides. Fi-
nally since µn is e´tale, TXn/AlbX descends to TX/AlbX . Therefore φn
descends as we desired. 
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Proposition 5.13. We have lim
n→∞
g′n
gn
≥ c(X,L).
Proof. Due to Proposition 5.10 and Proposition 5.12, there are actually
two possibilities:
(1) φn descends to a πi for infinitely many n;
(2) aX is separable and φn is inseparable for infinitely many n.
In this first case, the rational fibration τn : Zn 99K P
1
k
is obtained
similarly to ϕn : Xn 99K P
1
k
by replacing Xn by (Yi)n. By our choice of
τ ′n (cf. the construction of Wn(X) in this subsection), we can directly
calculate that
g′n =
n2q−2KYi · LYi + n
2q−4L2Yi
2
+ 1
as we do for Xn (cf. formula (12)). So g
′
n/gn → ci(X,L) =
KYi · LYi
KX · LX
.
In the second case, we shall need the genus change formula. By [9,
§ 2.1, Prop. 2.2], the genus g′n is given by
g′n = gn −
1
4
dimk(t)(ΩX˜n/P1k,tor
)η.
Here η := Spec(k(t)) is the generic point of the base P1
k
. By Lemma 5.8,
we have
dimk(t)(ΩX˜n/P1k,tor
)η ≤ LXn · c1(det(ΩXn/AlbX )).
Now as µn : AlbX → AlbX is e´tale,
c1(det(ΩXn/AlbX )) = ν
∗
nc1(ΩX/AlbX ) = ν
∗
nRX .
All together, the following inequality holds:
g′n ≥ gn −
LXn · ν
∗
nRX
4
=
n2q−2KX · LX + n
2q−4L2X
2
−
n2q−2RX · LX
4
+ 1
=
n2q−2(2KX − RX) · LX + 2n
2q−4L2X
4
+ 1,
and lim
n→∞
g′n
gn
≥
(2KX −RX) · LX
2KX · LX
= c0(X,L). 
5.3. Slopes revisited. Immediately from Theorem 3.1 and Proposi-
tion 5.13, we have the following theorem.
Theorem 5.14. We have K2X ≥ [4 + min{c(X,L),
1
3
}]χ(OX).
Combining with Proposition 5.2, the following corollary is clear.
Corollary 5.15. The surface X is on the Severi line only if q = 2 and
aX : X → AlbX is a double cover.
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6. Double covers of Abelian surface
6.1. Invariants of a double cover. We start from an arbitrary mor-
phism ϑ : T → Y of degree 2 between minimal smooth surfaces over
k. Taking ϑ0 : T0 → Y to be normalisation of Y in K(T ). Then ϑ0
is a flat double cover. In fact, since T0 is normal ϑ0∗OT0 is reflexive
and hence S2. It then follows from [2], ϑ0∗OT0 is locally free. As a
consequence, we have an exact sequence:
0→ OY → ϑ0∗OT0 → L→ 0 (14)
for an invertible coherent sheaf L on Y . By [6, Prop. 0.1.3], T0 is
Gorenstein and ωT0/Y = ϑ
∗
0L
−1. So by Riemann-Roch formula, we
have
K2T0 = 2(KY − c1(L))
2; (15)
χ(OT0) = 2χ(OY ) +
c1(L)(c1(L)−KY )
2
. (16)
Thus
K2T0 − 4χ(OT0) = 2(K
2
Y − 4χ(OY )) + ϑ
∗
0KY ·KT0/Y . (17)
To work out the numerical invariants of T , we need to resolve the
singularity of T0. One typical way to do this is the canonical resolution
(cf. [9, § 2]). Suppose Q is a singularity of T0 and P = ϑ0(Q) ∈ Y , we
then blowing up P by ρ : Y ′ → Y and take ϑ′0 : X
′
0 → Y
′ again the
normalisation in K(T ).
T ′0
ρ′
//
ϑ′
0

T0
ϑ0

Y ′
ρ
// Y
We again have
0→ OY ′ → ϑ
′
0∗OT ′0 → L
′ → 0 (18)
Note that L′ = ρ∗(L)(rE) for some r ∈ Z, here E is the exceptional
divisor with respect to ρ.
Lemma 6.1. We have r ≥ 1.
Proof. Suppose x, y ∈ mP is a pair of parameter system. In this case,
there is a unique Q ∈ T0 lying above P . Let z ∈ mQ be a function such
that OT0,Q = OY,P +z ·OY,P . We can write out the minimal polynomial
of z with respective to OY,P as z
2 + az + b = 0, a, b ∈ mP . Then the
space of relative differentials ΩT0/k ⊗ k(Q) at Q is given by
k(Q)dx⊕ k(Q)dy ⊕ k(Q)dz/k(Q)db.
As Q is not smooth, we have db = 0 in ΩY,P ⊗ k(P ), or equivalently
b ∈ m2P .
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Now considering the blowing-up, in the open subset on Y ′ where
t =
x
y
is defined (y is the generator of E on this open subset), we see
that the minimal polynomial of
z
y
is
(
z
y
)2 −
a
y
·
z
y
+
b
y2
= 0.
All coefficients are regular on this piece as a ∈ mP and b ∈ m
2
P . So
r ≥ 1. 
Using formula (17), we see that
K2T ′
0
= K2T0 − (r − 1)
2 (19)
χ(OT ′
0
) = χ(OT0)−
r(r − 1)
2
(20)
and
K2T ′
0
− 4χ(OT ′
0
) = K2T0 − 4χ(OT0) + 2(r − 1). (21)
The canonical resolution process is a series of the above blowing-up
and normalisation process from T0 to T
′
0. We shall write it out as the
following diagram. It stops until Tn is smooth over k.
. . . // Tn
ϑn

ρ′n
// · · ·
ρ′
2
//

T1
ρ′
1
//
ϑ1

T0
ϑ0

· · · // Yn
ρn
// · · ·
ρ2
// Y1
ρ1
// Y0 = Y
Proposition 6.2. The canonical resolution process stops in finitely
many steps.
Proof. If p 6= 2, this result is well known. For example one can refer to
[9, § 2].
When p = 2, if ϑ is inseparable, this is Proposition 6.6 in below, and
if ϑ is separable, this is Proposition 6.9. 
As a consequence of Proposition 6.2 and formula (21), we can assume
Tn is smooth and denote by ri such that Li+1 = ρ
∗
iLi(riEi) as before.
Then we have
K2T − 4χ(OT ) ≥K
2
Tn − 4χ(OTn)
=2(K2Y − 4χ(OY )) + ϑ
∗
0KY · (KT0/Y )
+ 2
n−1∑
i=1
(ri − 1)
≥2(K2Y − 4χ(OY )) + ϑ
∗
0KY · (KT0/Y ).
Note that the equality
K2T − 4χ(OT ) = 2(K
2
Y − 4χ(OY )) + ϑ
∗
0KY · (KT0/Y ) (22)
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holds if and only if
• Tn = T is minimal and
• ri = 1 for i = 1, ..., n− 1.
By (19), ri = 1 for all i if and only if χ(OT0) = χ(OTn), namely T0 has
at worst rational singularities. On the other hand, since T0 is obtained
by a flat double cover, its singularities are automatically a double point.
So by [3, Cor. 4.19], T0 has at worst A-D-E singularities in this case.
To summarize, (22) holds if and only if the morphism T → Tcan to the
canonical model is factored through by T0. As a result, we have the
following corollary.
Corollary 6.3. Suppose q = 2 and aX : X → AlbX is a double cover,
then X is on the Severi line if and only if the canonical model is a flat
double cover of AlbX .
Proof. Take T = X , Y = AlbX . So (22) holds if and only if X is on
the Severi line. Namely T0 factors through the canonical morphism
X → Xcan. But since all rational curve of X shall be contracted on
T0 it must be the canonical model itself. By construction, T0 is a flat
double cover of AlbX . 
Remark 6.4. In our peculiar case, we have Y = AlbX hence KY = 0,
hence the term ϑ∗0KY ·KT0/Y = 0. In general, when ϑ0 is inseparable,
KT0/Y may or may not be effective and ϑ
∗
0KY ·KT0/Y can be negative.
As a consequence, one can not run the reduction process in [14] from
formula (6.1). This reason prevents us from simulating the reduction
argument of [14] in characteristics 2.
6.2. Inseparable double covers. In this subsubsection, we assume ϑ
(hence ϑ0) is inseparable and aim to prove that the canonical resolution
process stops in finitely many steps. For such ϑ0 : T0 → Y , we have
another purely inseparable double cover π0 : Y → T
(−1)
0 = T0 ×k,Fk k
from the commutative diagram below.
T0
FT0/k !!
❈❈
❈❈
❈❈
❈
ϑ0
// Y
π0}}④④
④④
④④
④④
T
(−1)
0
Note that T
(−1)
0 is isomorphic to T0 as an abstract scheme with the
same numerical invariants, it suffices to resolve the singularity of T
(−1)
0
and work out its own numerical invariants.
Recall that, such a purely inseparable morphism π0 (or equivalently
ϑ0) of degree 2 is characterized by a 1-foliation of rank 1 on Y (cf.
Subsection 2.2). We denote by F0 the 1-foliation associated to π0.
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Proposition 6.5 ([7, § 3]). For ϑ0 : T0 → Y , L and F0 as above, we
have the following relation:
2c1(L) = KY + c1(F0).
Here L is defined as in (14).
Denote by Z0 the singular scheme of F0 (cf. Subsection 2.2). Now
reconsider ρ : Y ′ → Y a blowing up at a center P ∈ Z0, denote again
by T ′0 the normalisation of Y
′ in K(T ), and define F ′0,L
′, Z ′0 similar as
that for ϑ0 : T0 → Y . We still denote by r such that L
′ = ρ∗L(rE) as
in Lemma 6.1. Then by (3):
degZ ′0 = degZ0 − (4r
2 − 2r − 1) < degZ0. (23)
Since Z0 controls the singularity of T
(−1)
0 (or equivalently T0), we
have given another proof of [11, Prop. 2.6].
Proposition 6.6. We can resolve the singularities of T0 (equivalently,
that of a 1-foliation) by a finite sequence of the normalized blowing-ups.
In other words, the canonical resolution stops in finitely many steps.
6.3. Separable double covers. Assume ϑ : T → Y is separable,
we are going to show that the process of canonical resolution stops in
finitely many steps. To our purpose, we assume κ(T ) ≥ 0 and κ(Y ) ≥ 0
and hence there is an involution σ : T → T associated to the double
cover ϑ : T → Y .
Lemma 6.7. If there is a regular model π : T ′ → T lifting then σ-
action and such that T ′/σ is regular, then the canonical resolution pro-
cess stops in finitely many steps.
Proof. Since Y is minimal, the morphism T ′/σ is obtained from Y by
a sequence of blowing-ups.
T ′ = Tn
ϑn

ρ′n
// · · ·
ρ′
2
//

T1
ρ′
1
//
ϑ1

T0
ϑ0

T ′/σ = Yn
ρn
// · · ·
ρ2
// Y1
ρ1
// Y0 = Y
We can clearly remove the redundant intermediate blowing-up whose
center is lying below a smooth point of Yi. Then it becomes the canon-
ical resolution and actually stops in at most n steps. 
We then choose an arbitrary Lefschetz pencil ι : Y 99K P1
k
and the
associated τ : T 99K P1
k
. Denote by T1 → P
1
k
the relatively minimal
model of T . Then clearly σ lifts to T1. Denote by Y1 = T1/σ → P
1
k
the
associated model. We see that Y1 is regular over the generic fibre since
it is normal. Now [13, Thm. 7.3] applies.
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Theorem 6.8 ([13, Thm. 7.3]). Let C/k be a curve and K := K(C)
be its function field. Let f : XK → YK be an arbitrary Galois cover of
proper regular curves over K with Galois group G. Suppose X → C is
a proper regular model of XK such that the G-action spreads onto it.
If for every closed point x ∈ X , its inertia group Ix has order at most
3, then there is a suitable choice of proper regular models X˜ → C and
Y˜ → C such that f extends to a finite Galois cover f˜ : X˜ → Y˜. In
other words, the G-action spreads to X˜ and its quotient X˜ /G is regular.
In this theorem, we let C = P1
k
and K = k(t) be its function field
and let T1 = X → P
1
k
, YK := Y1 ×P1
k
K. In our case, |G| = 2 and
the inertia group assumption is satisfied automatically. It then give a
model T ′ = X˜ lifting σ-action and is such that T ′/σ = Y˜ is regular. So
Lemma 6.7 gives:
Proposition 6.9. Suppose κ(T ) ≥ 0 and κ(Y ) ≥ 0, then the canonical
resolution process stops in finitely many steps.
Remark 6.10. Whether or not the canonical resolution process stops
in finitely many steps is a local property, so the Kodaira dimension
assumption and minimality assumption is actually redundant.
7. Examples of surfaces on the Severi line in
characteristic 2
We give two examples of surfaces on the Severi line in characteristic
2–one with an inseparable Albanese morphism and one with a separable
one.
Denote by
E : y2 + y = x3 + x
the unique supersingular elliptic curve in characteristic 2 and we let
A := E1 ×k E2, here E1, E2 are two copies of E. We use the subscript
i = 1, 2 to indicate the associated points, functions or vectors on Ei.
We write Γ1 := ∞× E2 and Γ2 := E1 ×∞ the two infinite divisors.
Also we denote by P = (0, 0) and Q = (0, 1) the zeroes of x.
7.1. Inseparable Albanese morphism. We denote by ∂ :=
∂
∂x
, the
global vector field on E that{
∂x = 1;
∂y = x2 + 1
Then ∂˜ := x1∂1+x2∂2 is a 2-closed derivative. It generates a 1-foliation
F := K(A) · ∂˜ ∩ TA/k.
Proposition 7.1. (1) The 1-foliation F have 5-singularities, all of
which have multiplicity less than 5;
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(2) The surface X
(−1)
0 := A/F has 5 A-D-E singularities and the
canonical bundle is ample;
(3) Let X be the minimal model of X0, then X is of general type
and on the Severi line.
Proof. (1). By construction, it is not difficult to see that the singular
scheme Z of F consists of 5 singularities: ∞×∞, P1×P2, P1×Q2, Q1×
P2 and Q1 ×Q2 each with multiplicity 4, 1, 1, 1, 1 respectively.
(2). Following from (23), we must have r = 1 (otherwise the multi-
plicity is at least 4 · 22− 2 · 2− 1 = 11) in each blowing up case. So X0
has rational double points only. Note that the canonical bundle of X0
is the pull back of −
c1(F)
2
≡ Γ1 + Γ2 which is ample, therefore X0 is
the canonical model of a surface of general type.
(3). It follows from the formula in the previous section that K2X =
4χ(OX). 
7.2. Separable Albanese morphism with wild branch divisor.
We shall construct an example of separable admissible flat double (cf.
[6, Chap. 0]) cover µ0 : X0 → A such that X0 has at worst A-D-E
singularities while the branch divisor on A has singularity of arbitrarily
large multiplicity. Note in other characteristics, the branch locus can
have singularity of multiplicity no larger than 3 in order the flat double
cover space to have at worst A-D-E singularities.
First choose an invertible coherent sheaf L on A. We define an OA-
algebra structure on A := OA ⊕ L
−1 by
L−2
s2,s1
−→ OA ⊕L
−1 = A.
Here s2, s1 are non-zero sections of L
2 and L respectively. In other
words, let ei be a local generator of L on an open subset Ui. Then
A|Ui = OUi [zi]/z
2
i + aizi + bi, ai, bi ∈ OUi .
Here s1 = aiei, s2 = bie
2
i on Ui. And in Ui ∩ Uj with ei = αijej , we
define zi = α
−1
ij zj .
Denote by µ0 : X0 := Spec(A) → A be the associated flat double
cover and Di := div(si) ∈ |L
i| (i = 1, 2) the divisor associated.
Proposition 7.2. (1) The branch divisor of µ0 is D1.
(2) If D2 passes through every point in the singular locus of D1
smoothly, then X0 has at worst A-D-E singularities.
Proof. (1). By the function mentioned above, on Ui the relative Ka¨hler
differential ΩX0/A|Ui is isomorphic to A/aiA. As a result, the ramifica-
tion divisor is locally defined by ai. In other words, the branch divisor
is defined by ai on Ui.
(2). Let P ∈ D1. Suppose D1 is smooth at P , then X0 has at worst
A-D-E singularity above P by [6, Remark 0.2.2]. Now suppose P is
singular on D1, then by our assumption D2 pass through P and is
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smooth at P . Namely in the local function z2i + aizi + bi defining X0
near P we have ai ∈ mP and bi ∈ mp\m
2
p. This clearly implies X0 is
regular above P . 
Conversely, given any effective divisors D1, D2 such that D2 ∈ |2D1|,
then one can construct an admissible example as above.
As a result, the singularity of the branch divisor D1 does not even-
tually leads to the singularity of X0. Along this way, we can construct
examples where the branch divisor is very singular at some points but
X0 has at worst A-D-E singularities.
Example 7.3. We take D1 to be the divisor defined by equation:
x2n1 + x
2n+1
2 = 0.
Then D1 ∈ |2nΓ1 + (2n + 1)Γ2| and the singularity of D1 is again the
five points ∞×∞, P1 × P2, P1 × Q2, Q1 × P2 and Q1 × Q2. Now we
can construct D2 ∈ |2D1| = |4nΓ1 + (4n + 2)Γ2| passing through the
five points smoothly. We take D2 = E1 × P2 + E1 × Q2 + Γ2 + D
′
2
where D′2 ∈ |4nΓ1 + (4n − 1)Γ2| is a general member which does not
pass through the five points above. Here note that the linear system
|4nΓ1 + (4n− 1)Γ2| is very ample for all n ∈ N+.
We denote by X0 the separable flat double cover of A defined by
D1, D2. Then X0 is the canonical model of a minimal surface of general
type X on the Severi line by Corollary 6.3 and Proposition 7.2. In this
case the branch divisor of X0 → A is wild (of multiplicity 2n) at the
four points P1 × P2, P1 ×Q2, Q1 × P2 and Q1 ×Q2.
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